
1 Computation of the Likelihood Function

1.1 Computing the Observable Structure

Eachof thestochasticlinearrationalexpectationsmodelsthatweconsidercanbe

castin theformat ��� ������� � 	�
 �������� ����� � ��
 � 	�
 ��� ����� 
�� (1)

where,asin sectionwhatever � and � arepositive integers,	�
 is a vectorof vari-

ables,andthe � � areconformable� -squarecoefficient matrices,where � is the

numberof endogenousvariablesin the model. The coefficient matrices� � are

completelydeterminedby asetof underlyingstructuralparameters� . Theexpec-

tationoperator��
 � � � denotesmathematicalexpectationconditionedontheprocess

historythroughperiod  ,1
� 
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Therandomshock � 
 is independentlyandidenticallydistributed & � '�� ()� . Note

that the covariancematrix ( is singularwhenever equation(1) includesidenti-

ties. Of little importanceareaccountingidentitiessuchas the nationalincome

accountingidentity linking GDP andconsumption,investment,governmentex-

penditures,andnet exports. Of more importanceare “expectationalidentities”

suchasthe identity thatdefinesthe ex ante long-termreal interestrate, * , in the

pureexpectationshypothesisdefinitionof thelong rate

* 
 �,+�� � ��- � � 
 � . 
 ����/10�
 ��� ��� �
1The codefor computingthe observablestructureallows an expectationsviewpoint dateof

either 2 or 2�3#4 . For simplicity, we focuson the 2 -periodexpectationscasehere.
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Expectationalidentitiesare importantbecausethey definevariablessuchasthe

long realratethatcanonly beobservedwithin thecontext of themodel.

Because5 6 is white noise, 7�6 8 5 6 9�: ;=<?> for @1AB> . Leadingequation(1) by

oneor moreperiodsandtakingexpectationsconditionedon period-C information

yieldsadeterministicforward-lookingequationin expectations,DEF G�H�I�J F 7 6 8 K 6 9�: 9 F ;!<�>�LM@#AN>�O (2)

We usethe AIM proceduredetailedabove to solve equation(2) for expecta-

tionsof thefuturein termsof expectationsof thepresentandthepast.For agiven

setof initial conditions, P 7 6 8 K 6 9�: 9 F ;RQS@TAU>�L�V)<XW�Y�L O O O L W[Z]\ , if equation(2)

hasauniquesolutionthatgrowsnofasterthanagivenupperbound,thatprocedure

computesthevectorautoregressiverepresentationof thesolutionpath,

7 6 8 K 6 9�: ;�< H�^EF G�H_I�` F 7 6 8 K 6 9�: 9 F ; La@#A">�O (3)

In themodelswe considerhere,therootsof equation(3) lie on or insidetheunit

circle.

Usingthefact that 7 6 8 K 6 H : ;�<bK 6 H : for @dcU> , equation(3) is usedto derive

expectationsof the future in termsof the realizationof the presentandthepast.

Theseexpectationsarethensubstitutedinto equation(1) to derivearepresentation

of themodelthatwecall theobservable structure,eEF G�H�I�f F K 6 9 F <�5 6 O (4)

Equation(4) is astructuralrepresentationof themodelbecauseit is drivenby the

structuraldisturbance,5 6 ; thecoefficientmatrix f e containsthecontemporaneous

relationshipsamongtheelementsof K 6 . It is anobservablerepresentationof the

modelbecauseit doesnotcontainunobservableexpectations.
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1.2 Computing the Likelihood Function

Having obtainedtheobservablestructureof equation4, it is relatively straightfor-

wardto computethevalueof thelikelihoodfunctiongiventhedataandparameter

values.Thelikelihoodis definedasgNh"i[j k l_m)n oTn p"q r�k l_m=n st[n u
(5)

where
i

is thesamplesize,
o

is theJacobianof transformation(which is time-

invariantby assumption),and
t

is thevariance-covariancematrixof thestructural

residualsv w .
Considerconcatenatingthe x by x coefficientmatricesy�z , orderedleft to right

from { h|p�} to ~ . We denotethis x by x�� j }��b�]u matrix SCOF. Definethe

vectorstackof theendogenousvariablesat time � as ��w h�� � w �_�_� q q q � � w � � . Thus

equation4 mayberewritten �_���_� � w h v w
In computingthe valueof the likelihood,it will be usefulto partitionSCOF

asfollows. Denotestochasticequationsby thesubscript� , identity equationsby

the subscript { , and denotedatavariableswith the subscript � , and “not-data”

variables(suchastheunobservedlong realratedefinedabove)with thesubscriptx . Arbitrarily orderingtheobservablestructuresothatstochasticequationsappear

in thetop rows anddatavariablesin theleft columnsof eachblock,we canwrite

equation4 as

��� y�� � w ��� y�� � �=y�� � �y�z � w ��� y�z � �Ry�z � �
� ��
����������
� w ���
�#� � w� �]� w

� ���������
h ��� v w~

� �� (6)
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 �¡ ¢ £ ¤�¥
denotesthe coefficient block of SCOF for the laggedvariablesthat enter

thestochasticequations;
 �¦ ¢ £ ¤�¥

is thecorrespondingblock for identity equations.

The right-hand-most§ by § block of equations,representingthe coefficientson

contemporaneousvariables,is furtherpartitionedvertically into its dataandnot-

datacomponents.

For eachobservation ¨ , we usethis concatenated,partitionedversionof the

observablestructureto solve for theresiduals© £ . First, solve for theperiod-̈ not-

datavariablesas ª�« ¢ £¬¯®   ¤�¥¦ ¢ «�°  �¦ ¢ £ ¤�¥ ª £ ¤�¥±  �¦ ¢ ² ª ² ¢ £ ³
(7)

Now substitutethesolutionfor

ª « ¢ £
into thetoprowsof equation6 to solvefor © £ :

© £¬   ¡ ¢ £ ¤�¥ ª £ ¤�¥±   ¡ ¢ ² ª ² ¢ £�®   ¡ ¢ «   ¤�¥¦ ¢ « °  �¦ ¢ £ ¤�¥ ª £ ¤�¥±  �¦ ¢ ² ª ² ¢ £ ³ (8)

The residualsfor eachtime period ¨ ¬µ´]¶ · · · ¶ ¸ arecomputed,andthe residual

covariancematrix is thencomputedas¹ ¬Uº ´ » ¸=¼ © © ½ (9)

Notethatimplict in thesolutionfor theresiduals(equation8) is thedefinition

of theJacobian,¾�© £ » ¾ ª £ , ¿ À   ¡ ¢ ²!®   ¡ ¢ «   ¤�¥¦ ¢ «  �¦ ¢ ² (10)

2 Full Information Maximum Likelihood Estimation

Maximum likelihoodestimationconsistsof finding theparametervalues Á , im-

plicit in thecoefficient matricesÂ ¦ of equation1, thatmaximizeequation5. We

useMatlab’s sequentialquadraticprogrammingalgorithmconstr to maximize

thelikelihoodfunction,subjectto severaltypesof constraints:
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1. Parameterboundaryconstraints(upperandlower boundsfor theelements

of Ã );

2. Equalityconstraintsof theform Ä�Å ÃRÆ!Ç�È ;
3. Inequalityconstraintsof theform É�Å ÃRÆ=ÊbÈ . Our routinealwaysenforces

the nonlinearinequalityconstraintthat the currentparametersettingmust

be consistentwith the correctnumberof large roots(the numberof roots

whosemagnitudeexceedsthe specifiedupperboundis consistentwith a

unique,stablesolution)in aconvergedsolution.

Theprocedureusesnumericalderivativesof thelikelihoodwith respectto the

parametersandof theconstraintswith respectto theparameters.Standarderrors

arecomputedfrom thenumericalestimateof theHessian,ËÌÇ"Í�Î Ï�Ð]Í�Ã=Î as

Ñ Ò ÇbÓ Å Ô�Õ Ö_×�Å ËTØ�Ù Æ Æ (11)

whereÔ_Õ Ö]× indicatesthediagonalelementsof theinverseHessianmatrix.
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