1 Computation of the Likelihood Function

1.1 Computingthe Observable Structure

Eachof the stochastidinearrationalexpectationgnodelsthatwe considercanbe

castin theformat
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> Hizpyi+ Y HiEy(314:) = €, (1)

i=—T i=1

where,asin sectionwhaterer 7 andé arepositive integers,z; is a vectorof vari-
ables,andthe H; are conformablen-squarecoeficient matrices,wheren is the
numberof endogenousariablesin the model. The coeficient matricesH; are
completelydeterminedy a setof underlyingstructuralparameter®. Theexpec-
tationoperator;(-) denotesnathematicaéxpectationconditionedontheprocess

historythroughperiodt,*
Et(xt—l—i) = E(IEt+Z‘| Tty L1y - - ) .

Therandomshocke; is independentlyandidentically distributed N (0, 2). Note
that the covariancematrix €2 is singularwheneer equation(1) includesidenti-
ties. Of little importanceare accountingidentitiessuchasthe nationalincome
accountingidentity linking GDP and consumptionjnvestment,governmentex-
penditures and net exports. Of more importanceare “expectationalidentities”
suchasthe identity that definesthe ex ante long-termreal interestrate, p, in the
pureexpectationypothesigiefinitionof thelong rate

oC
Py = Z/BZEt(TtH — Tpqit1)
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1The codefor computingthe obsenable structureallows an expectationsviewpoint date of

eithert ort — 1. For simplicity, we focuson the¢-periodexpectationsasehere.



Expectationaldentitiesareimportantbecausehey definevariablessuchasthe
long realratethatcanonly be obsenedwithin the context of themodel.

Because; is white noise,E;(e;,) = 0 for k£ > 0. Leadingequation(1) by
oneor moreperiodsandtaking expectationsonditionedon period+ information
yieldsa deterministidorward-lookingequationin expectations,

0
Z HiEy(ws4144) = 0, k>0. (2)

We usethe AIM proceduredetailedabove to solve equation(2) for expecta-
tionsof thefuturein termsof expectation®of the presenandthe past.For agiven
setof initial conditions,{ Ey(zt4x+i) : £ > 0,4 = —7,...,—1}, if equation(2)
hasauniquesolutionthatgrows nofasterthanagivenupperbound thatprocedure

computeghevectorautorgressve representationf the solutionpath,
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Ey(zeik) = Y, BiEy(Terk+i), k>0. (3)

i=—7
In the modelswe considerhere,the rootsof equation(3) lie on or insidethe unit
circle.

Usingthefactthat E;(z:—x) = x:— for £ > 0, equation(3) is usedto derive
expectationf the future in termsof the realizationof the presentandthe past.
Theseexpectationarethensubstitutednto equation(1) to derive arepresentation
of themodelthatwe call the observable structure,

0
Z SiIEt_H' = €. (4)

i=—T
Equation(4) is a structuralrepresentationf themodelbecausét is drivenby the
structuraldisturbanceg;; the coeficient matrix .Sy containghe contemporaneous
relationshipsamongthe elementf ;. It is an obsenablerepresentationf the

modelbecausé doesnot containunobserableexpectations.
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1.2 Computing theLikelihood Function

Having obtainedhe obsenablestructureof equatiord, it is relatively straightfor
wardto computethevalueof thelik elihoodfunctiongiventhe dataandparameter

values.Thelik elihoodis definedas
L =T(log|J| - 5log[Q) (5)

whereT is the samplesize, 7 is the Jacobiarof transformationwhich is time-
invariantby assumption)and(? is thevariance-cwariancematrix of thestructural
residuals;.

Considerconcatenatinghen by n coeficientmatricesS;, orderedeft to right
fromi = —7 to 0. We denotethis n by n x (7 + 1) matrix SCOF. Definethe
vectorstackof the endogenousariablesattime ¢t as X; = [z;—.,...,x]. Thus
equationd mayberewritten

SCOFX; = ¢

In computingthe value of the likelihood, it will be usefulto partition SCOF
asfollows. Denotestochasticequationduy the subscripts, identity equationsy
the subscripti, and denotedatavariableswith the subscriptd, and “not-data”
variablegsuchasthe unobseredlong realratedefinedabove) with the subscript
n. Arbitrarily orderingtheobsenablestructuresothatstochastiequation@ppear

in thetop rows anddatavariablesn theleft columnsof eachblock, we canwrite

equatiord as
Xt—l
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Ss+—1 denotegthe coeficient block of SCOF for the laggedvariablesthat enter
the stochastieequations;S; ;_, is the correspondindplock for identity equations.
Theright-hand-most by n block of equationsyepresentinghe coeficientson
contemporaneougariables;s further partitionedvertically into its dataandnot-
datacomponents.

For eachobsenation ¢, we usethis concatenatedpartitionedversionof the
obsenablestructureto solve for theresiduals;. First, solve for the period< not-
datavariablesas

Xng = —Sip[Sig—1Xi-1 + SiaXay] (7)
Now substitutehesolutionfor X, ; into thetop rows of equationt to solve for e;:

€ = S5t 1Xe—1 + S5,4Xas — Ss,nSiTnl[Si,t—lXt—l + Si.aXa4] (8)

Theresidualsfor eachtime periodt = 1,...,7T arecomputedandtheresidual

covariancematrix is thencomputedas
Q= (1/T)ee 9)

Notethatimplict in the solutionfor theresidualgequation8) is the definition

of theJacobiange; /0 Xy,

J = Ss,d - Ss,nSiTnlSi,d (10)

2 Full Information Maximum Likeihood Estimation

Maximum lik elihood estimationconsistsof finding the parameteraluesO, im-
plicit in the coeficient matricesH; of equationl, thatmaximizeequation5. We
useMatlab’s sequentiajuadratigprogrammingalgorithmconst r to maximize

thelikelihoodfunction,subjectto severaltypesof constraints:
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1. Parametetboundaryconstraintupperandlower boundsfor the elements

of ©);
2. Equalityconstraintof theform F(0) = 0;

3. Inequalityconstraintf the form G(©) < 0. Our routinealwaysenforces
the nonlinearinequality constraintthat the currentparametesettingmust
be consistenwith the correctnumberof large roots (the numberof roots
whosemagnitudeexceedsthe specifiedupperboundis consistentwith a

unique,stablesolution)in acorvergedsolution.

The procedurausesnumericalderivativesof thelik elihoodwith respecto the
parameterandof the constraintswith respecto the parametersStandarcerrors

arecomputedrom the numericalestimateof the Hessian H = 9%£/060? as

se = \/Ediag(H_l)) (11)

wherediag indicatesthe diagonalelementf theinverseHessiammatrix.



