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Abstract

We construct a life-cycle model that delivers realistic behavior for both eq-
uity holdings and borrowing. The key model ingredient is a wedge between the
cost of borrowing and the risk-free investment return. Borrowing can either
raise or lower equity demand, depending on the cost of borrowing. A bor-
rowing rate equal to the expected return on equity — which we show roughly
matches the data — minimizes the demand for equity. Alternative models with
no borrowing or limited borrowing at the risk-free rate cannot simultaneously

fit empirical evidence on borrowing and equity holdings.

*We thank seminar participants at the International Monetary Fund, the 2002 Minnesota Macroe-
conomics Summer Institute, the 2002 NBER Summer Institute, the 2002 NBER Economic Fluctua-
tions Program Meeting in Chicago, New York University, Notre Dame University and the University
of Chicago for many helpful comments. We have also benefited from thoughtful remarks by John
Heaton, Rick Green, Anna Lusardi, Dave Backus, our discussants, Amir Yaron and Muhammet
Guvenen and especially Anil Kashyap. We thank Jonathan Parker for providing parameters of the
income processes in Gourinchas and Parker (2002), Annette Vissing-Jorgenson for statistics on the
incidence of credit constraints, Nick Souleles for directing us to data on charge-off rates for consumer
loans and David Arnold, Jeremy Nalewaik and Stephanie Curcuru for able research assistance. Davis
and Willen gratefully acknowledge research support from the Graduate School of Business at the
University of Chicago.

fCorresponding author. Address: 1101 East 58th Street, Chicago, IL 60637. Phone: (773)
702-7312. Fax: (773) 702-0458. E-mail: steve.davis@gsb.uchicago.edu.



1 Introduction

Borrowing presents a problem for life-cycle models of consumption and portfolio
choice. In the classic Merton-Samuelson model, modified to include a realistic process
for labor income, unsecured borrowing leads to huge, highly levered equity positions.
For example, with relative risk aversion of 2 and standard specifications for income
and asset returns, the model yields average equity holdings more than 20 times bigger
than average annual income. To be sure, life-cycle models that preclude borrowing
can generate realistic equity holdings, but they fly in the face of evidence that unse-
cured consumer credit is widely available and widely used. In fact, unsecured debt is
much more prevalent than equity in the portfolios of younger households.

In this paper, we construct a life-cycle model that resolves the tension between
borrowing and equity holdings. Households can borrow in our setup — but at rates
that exceed the risk-free investment return. Given realistic borrowing costs, the model
yields both debt positions and equity holdings that fit the main features of the data.

Except for its treatment of borrowing, our preferred model is entirely standard.
Agents have time-separable, isoelastic preferences with moderate risk aversion. They
face realistic income processes and can invest in risky and risk-free assets. We do
not rely on habit formation, self-control problems, myopia or costs of participating
and trading in equity markets to obtain sensible life-cycle profiles for borrowing and
equity holdings. Neither do we rely on informational barriers, time-varying asset
returns or enforcement problems in loan markets. Instead, the key elements of our
analysis are realistic borrowing costs and the life-cycle structure. But as we explain,
realistic borrowing costs can greatly magnify the impact of certain other frictions —
such as fixed costs of participating in equity markets or liquidity benefits from bond
holdings — on participation rates and optimal portfolio shares.

Table 1 reports data on the size of the wedge between borrowing costs and the
risk-free rate. The bottom two rows show that household borrowing costs on unse-
cured loans exceed the risk-free return by about six to nine percentage points on an

annual basis, after adjusting for tax considerations and charge-offs for uncollected



loan obligations. Since 1987, roughly two percentage points arise from the asym-
metric income tax treatment of household interest receipts and payments. However,
the bulk of the wedge arises from transactions costs in the loan market. Despite the
evident size of these costs, they have been largely ignored in theoretical analyses of
life-cycle consumption and portfolio behavior. They have also been ignored in most
empirical studies of asset-pricing behavior.

The relationship between equity holdings and the cost of borrowing is non-monotonic
in our model. To see why, suppose initially that the borrowing rate equals the ex-
pected return on equity. No one borrows to buy equity in this case, because the net
return is zero and the investment would increase risk exposure. At a slightly lower
borrowing rate, however, the net return is positive and the household adopts a small
debt-financed equity position. Further reductions in the borrowing rate imply greater
leverage and further increases in equity demand. Now move in the other direction
and consider a borrowing rate that slightly exceeds the equity return. In this case,
households with debt hold no equity (because debt repayment offers a better return),
so the borrowing rate has no immediate impact on their equity demand. But higher
borrowing rates discourage borrowing for consumption-smoothing purposes. As a re-
sult, households borrow less at each age, achieve a positive financial position earlier
in life, invest in equity at an earlier age and hold more equity at later ages. Further
increases in the borrowing rate imply a further upward shift in the life-cycle equity
profile, and sufficiently high borrowing costs choke off all borrowing. Hence, equity
holdings and participation rates are minimized when the borrowing rate equals the
expected return on equity — a scenario consistent with Table 1.

Our analysis also develops several other points. First, the model also implies high
non-participation rates in equity markets, much higher than in otherwise identical
models with no borrowing and much closer to the data. Second, even a small wedge
between borrowing rates and the risk-free return dramatically reduces the demand
for equity. Third, greater income uncertainty raises equity demand in the model
with realistic borrowing costs, contrary to its effect in the standard model with no

wedge. Fourth, equity demand is a non-monotonic function of relative risk aversion,



given realistic borrowing costs, again contrary to the standard model. Fifth, and not
surprisingly in light of our previous remarks, equity demand is highly sensitive to the
shape of the life-cycle income profile in our preferred model. Finally, we also consider
a model with limited borrowing at the risk-free rate and show that it does a poor job of
resolving the tension between borrowing and equity holdings. The limited-borrowing
model implies that households borrow to finance equity holdings and always exhaust
borrowing capacity. Both implications are sharply at odds with observed behavior.
The paper proceeds as follows. The balance of the introduction discusses related
research and reviews some important facts about borrowing and equity holdings over
the life cycle. Sections 2 and 3 describe the model and choice of parameters. Sec-
tion 4 discusses life-cycle portfolio and consumption behavior in our preferred model
and alternatives, and section 5 compares model implications with empirical evidence.
Where the models fail to fit the facts, we assess the significance of the failures. Section
6 offers some concluding remarks, and an appendix describes our numerical solution

method.

1.1 Relationship to the theoretical literature

The structure of our model departs modestly from the seminal work on life-cycle
portfolio behavior by Merton (1969) and Samuelson (1969). Indeed, our model dif-
fers from Samuelson’s discrete-time setup in only three respects: the wedge between
borrowing costs and risk-free returns, the presence of undiversifiable income shocks,
and the use of realistic income profiles. The wedge and the undiversifiable shocks ne-
cessitate a computational approach to the analysis, which we pursue using the same
methods as in Judd, Kubler and Schmedders (2002).

Brennan (1971) shows that a wedge between borrowing costs and risk-free re-
turns is easily handled in a one-period mean-variance model of portfolio choice. The
wedge implies that households cannot attain points above and to the right of the
tangency portfolio along the standard capital market line. Higher borrowing costs
reduce the demand for equity in the one-period setting, given standard mean-variance

preferences. Heaton and Lucas (1997) show that a borrowing rate that exceeds the
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risk-free return reduces equity holdings for an infinitely lived agent.

Many researchers explore the effects of hard borrowing limits on portfolio choice
in life-cycle and infinite-horizon models. A partial list includes Constantinides, Don-
aldson and Mehra (2002), who consider a three-period model with no borrowing;
Campbell and Viciera (2002, chapter 7) and Gomes and Michaelides (2002), who con-
sider calibrated many-period life-cycle models; and Heaton and Lucas (2000b) and
Haliassos and Michaelides (2003), who consider infinite-horizon settings. A related
literature that considers precautionary savings, buffer-stock behavior and asset ac-
cumulation in dynamic models with no borrowing includes well-known contributions
by Deaton (1991), Carroll (1997) and Gourinchas and Parker (2002). Ludvigson
(1999) and Carroll (2001) consider models with, respectively, limited borrowing at
the risk-free rate and differential borrowing and lending rates.

We incorporate key life-cycle elements into a many-period setting with realistic
borrowing costs, endogenous wealth accumulation and a portfolio allocation decision.
In our model, unlike Brennan (1971) or Heaton and Lucas (1997), higher borrowing
costs raise the demand for equity in reasonable circumstances. The causal mechanism
behind this result involves the impact of borrowing costs on precautionary savings
and life-cycle asset accumulation. More generally, life-cycle factors play a central role
in both equity market participation and equity accumulation behavior in our model.

Bisin and Gottardi (1991) and Dubey et al. (2003) consider models of adverse
selection that endogenously generate differences in prices for buyers and sellers of
financial assets. These models can deliver differential borrowing and lending rates, but
they do not account for the wedge measured in the last two rows of Table 1, which nets
out uncollected loan obligations in order to highlight the cost of producing consumer
credit. We take this cost as given and develop its implications for borrowing, equity
demand and participation behavior. Why the cost of producing consumer credit is so

high is an interesting question that we leave for another occasion.



1.2 Facts about borrowing and equity over the life cycle

Several well-established empirical results are relevant to an assessment of our model
and alternatives. First, a large percentage of households hold no equity — a phe-
nomenon sometimes referred to as the “participation puzzle.” According to Vissing-
Jorgenson (2002), only 44 percent of households held stock in 1994, a big increase
over the 28 percent figure for 1984. Participation rates rise with age (Poterba and
Samwick, 2001), education and income (Mankiw and Zeldes, 1991, Brav and Geczy,
1995), and self-employed persons are more likely to hold stock (Heaton and Lucas,
2000a). To a large degree, low equity market participation can be traced to the fact
that many households have little or no financial wealth (Lusardi et al., 2001).

Second, most households that do hold equity hold very little. Vissing-Jorgensen
reports that the median level of equity holdings for stockholding households is about
21 thousand dollars, and the mean is 95 thousand dollars. Ameriks and Zeldes (2001)
find that the level of stockholding rises with education, income and age.

Third, unsecured consumer credit is widely available and widely used. Durkin
(2000, Table 1) reports that 74% of all American families had at least one credit card
in 1995, and 44% of all families had a positive balance after the most recent payment.
Despite the high borrowing costs documented in Table 1, many households, especially
younger ones, take on substantial unsecured debt. Table 2 provides evidence on this
point, confirming that many households adopt large debt positions (relative to annual
income), and that debt-income ratios decline with age.

Table 2 also reports unused credit as a percent of annual income. The reported
measure is a lower bound, because it does not account for the ability to acquire extra
credit cards, raise the credit line on existing cards or obtain other forms of personal

credit.! Most households have unused borrowing capacity, and middle-aged and older

! Among households with general purpose credit cards (two-thirds of all households), 65% report
that they strongly agree and another 23% somewhat agree with this statement: “It is easy to get a
credit card from another company if I am not treated well.” See Table 4 in Durkin (2000), tabulated
from the Survey of Consumer Finances. Similarly, 1998 SCF tabulations show that only 12% of

households report being deterred from applying for credit in the previous five years, because they



households in particular have considerable unused borrowing capacity. This pattern
fits with much previous research that finds a declining incidence of binding borrowing
constraints with age (e.g., Jappelli, 1990 and Duca and Rosenthal, 1993). For a
detailed description of life-cycle and cross-sectional variation in household financial

positions based on the 1998 SCF, see Kennickell et al. (2000).

2 A life-cycle model

We consider an optimizing model of household consumption and portfolio choice. The
household life cycle consists of two phases, work and retirement, which differ with
respect to the character of labor income. During the working years, log labor income
(7¢) evolves as the sum of a deterministic component (d;), a random walk component

(7¢), and an uncorrelated transitory shock (£;):
Y = dy + 1 + E. (1)

This type of income process is widely used in life-cycle studies of consumption and
asset accumulation.

During the retirement years, a household receives a fraction of its income in the
last year of work. Ideally, we would specify retirement income as some fraction of, say,
the highest n years of labor income — consistent with social security and most defined
benefit pension plans. However, such a structure is computationally burdensome,
because it increases the dimensionality of the state space. As a computationally
easier alternative, we first calculate the ratio of the average value of d; in the highest
n working years to the value of d in the last year of work. We then multiply this ratio
by realized income in the last year of work to get the retirement basis. Finally, to get
retirement income, we multiply the retirement basis by a number between zero and

one called the replacement rate.

thought they would be turned down. Only 15% report that they were turned down for credit or
obtained less credit than requested at some point in the past five years, and were unable to obtain the

requested credit from another source. (Personal communication from Annette Vissing-Jorgenson.)



Households can trade three financial assets. They can buy equity with stochastic
net return 7g, save at a net risk-free rate r;, and borrow at the rate rg > r;. House-
holds cannot take short positions in equity, nor can they borrow negative amounts.
Households cannot die in debt, which implies that net indebtedness cannot exceed
the present value of the household’s lowest possible future income stream discounted
at rg. This debt limit is the only constraint on borrowing in our preferred model,
but we also consider models that limit borrowing to BL times annual income.

A household chooses a contingency plan for consumption, borrowings and asset

holdings at date ¢t to maximize

T

Ule) + B Y U () (2)

a=t+1

subject to a sequence of budget constraints and possibly a borrowing limit BL, where
¢, i1s consumption at age a, E; is the expectations operator conditional on time-¢

information, (3 is a time discount factor, and U(-) is an isoelastic utility function.

3 Parameter settings and discretization

Tables 3 summarizes our parameter settings. We set the coefficient of relative risk
aversion to 2 in our baseline specification, and we consider other values ranging from
0.5 to 9. Following Campbell (1999), we set the annual risk-free investment return to
2%, the expected return on equity to 8% and the standard deviation of equity returns
to 15%. We set the correlation of equity returns and labor income shocks to zero.?
In line with Table 1, we set the baseline borrowing rate to 8%, but we also consider a
wide range of other values. According to Table 2, more than 10 percent of households
under 30 borrow in excess of their annual income and many other households could

borrow similarly large amounts. In light of this fact, we set BL = 1 in the model with

limited borrowing at the risk-free rate. For the model with no borrowing, BL = 0.

2Davis and Willen (2000) present evidence of non-zero correlations between labor income shocks
and equity returns, and they consider the implications for life-cycle portfolio choice. Haliassos and
Michaelides (2003) also study the effect of a non-zero correlation on portfolio choice. Both studies

find that correlation values in line with the evidence have modest effects on portfolio choice.
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For the life-cycle income process, we adopt parameter values estimated by Gourin-
chas and Parker (2002) from the Consumer Expenditure Survey (CEX) and the Panel
Study of Income Dynamics (PSID).? The GP income measure is “after-tax family in-
come less social security tax payments, pension contributions, after-tax asset and
interest income” in 1987 dollars. GP also subtract “education, medical care and
mortgage interest payments” from their measure of income, because “these categories
of expenditure do not provide current utility but rather are either illiquid investments
or negative income shocks.” (Without these deductions, household income would be
about 27% higher.) They restrict their sample to male-headed households and at-
tribute the head’s age to the entire household.

To estimate the deterministic component of income, GP fit a fifth-order polyno-
mial in the head’s age to CEX data on log family income. To estimate the standard
deviation of transitory and permanent income shocks, they use the longitudinal as-
pect of the PSID. Since the income measures reported in household surveys contain
much measurement error, the raw variance estimates substantially overstate income
uncertainty. To adjust for this overstatement, we adopt GP’s suggestion to reduce the
estimated variance of the transitory shock by one half and the variance of the perma-
nent shock by one third. The baseline specification in Table 3 reports the standard
deviations of the income shocks after adjusting for measurement error. The expected
income profile displayed in Figure 1 reflect three elements of the GP income processes:
(1) the profile of the deterministic component; (ii) the variance of the transitory shock
to log income, which affects the level of expected income; and (iii) the variance of the
permanent shock, which affects the level and slope of expected income.

In the analysis below, we sometimes alter the variances of the income shocks in
order to explore how income uncertainty affects equity demand and other outcomes.
When we adjust the income process in this way, we also adjust the deterministic

income path d; to preserve the expected income profile displayed in Figure 1.

3Gourinchas and Parker estimate a life-cycle income process for five education groups and for
their full sample, which pools over education groups. To focus on essentials, we restrict attention to

their pooled-sample income process. Earlier drafts of this paper report results by education group.



We select the subjective time discount factor  so that the predicted life-cycle
borrowing profile matches the profile in Table 2 as closely as possible. Specifically,
given a specification of the income process for our preferred model, we choose (3
to minimize the average absolute deviation between the mean debt-income ratio in
the model and the mean debt-income ratio in Table 2. In computing the average
deviation, we weight each age group in proportion to its 1990 U.S. population share.
Row 1 of Table 4 shows that a discount factor of 0.933 minimizes the average absolute
deviation for our baseline income process. Row 2 carries out the same exercise for the
GP income process with no adjustment for measurement error. The greater income
uncertainty in Row 2 raises precautionary saving and lowers borrowing, so that a lower
discount factor of .914 is needed to match the borrowing profile. Rows 3-5 report the
best-fitting discount factors when we turn off one or both income shocks. Overall,
the model does a reasonable job of matching the data for each income process. The
principal failure relates to borrowing later in the life-cycle. We discuss the fit between
the model and the data more extensively in Section 5.

We discretize the state-space using the Tauchen and Hussey (1991) method. Our
model has three sources of randomness: a permanent labor income shock, a transitory
income shock and an asset return shock. We specify two discrete points for the
permanent shock, two points for the transitory shock and three points for the asset
return shock, so that the random shocks obey a twelve-state Markov chain.

Our discretization procedure does not generate zero income in any state of na-
ture. In this respect, our specification differs from that of GP. The difference is not
innocuous: by assuming that agents have non-zero probability of zero income, GP

preclude borrowing.* In our setup, households can and do borrow.

4If zero income is possible in the last period of life, households that borrow in the penultimate
period run the risk of negative consumption in the final period. With isoelastic utility and relative
risk aversion of at least 1, the possibility of negative consumption, no matter how remote, leads
to infinitely negative utility. Thus no households borrow in the penultimate period. The same

argument extends to earlier periods of life by induction.



4 The demand for equity over the life cycle

In this section, we explore how equity holdings and other outcomes are affected by four
aspects of the household decision problem: (1) the borrowing regime, (2) risk aversion,
(3) undiversifiable income shocks and (4) the shape of the income profile. We also
address two other issues: how the opportunity to buy equity affects borrowing and
the portfolio share of bonds. Before proceeding, we define some useful terminology.
Borrowing capacity is the present value of future labor income (including retire-
ment income), when discounted at the borrowing rate, along the lowest possible future
income path.® The equity premium is the difference between the expected return on
equity and the risk-free investment return. The leverage premium is the difference
between the expected equity return and the borrowing rate. When the cost of borrow-
ing exceeds the risk-free investment return, the equity premium exceeds the leverage
premium. Hence, the net return on equity depends on the source of funds invested,

as depicted in the following table.

Source of funds Opportunity cost Net equity return
Financial wealth Risk-free return  Equity premium
Borrowing capacity Borrowing rate Leverage premium

4.1 Effect of the borrowing rate and borrowing regime

How does the borrowing rate affect the demand for equity over the life cycle? First,
a higher borrowing cost lowers borrowing capacity by reducing the present value of
labor income. Second, a higher borrowing rate lowers the leverage premium. And
third, the borrowing rate affects the evolution of wealth over the life cycle. A low
borrowing rate depresses financial wealth by encouraging greater borrowing for con-
sumption smoothing purposes and by substituting for precautionary wealth holdings

that households would otherwise accumulate to smooth transitory income shocks. But

5Strictly speaking, the present value of future labor income is a lower bound on true borrowing
capacity, which varies with equity holdings. Our numerical solution procedure uses the period-by-

period budget constraints, but the concept of borrowing capacity is a useful aid to intuition.
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a low borrowing rate can also increase wealth: if the leverage premium is positive,
borrowing to invest in equity enables the household to increase wealth over time.

As these remarks suggest, there is a non-monotonic relationship between the cost
of borrowing and the demand for equity. To illustrate this point, Figure 2 shows life-
cycle equity holdings (averaged over many draws) in our baseline specification with
alternative borrowing rates. When the borrowing rate equals the risk-free return of
2%, households invest enormous amounts in equity throughout the life cycle, a result
that is insensitive to the shape of the income profile. Thus, the standard model with
rp = rr, implies equity holdings that dwarf what we see in the data.

A borrowing rate of 5% yields much lower equity holdings throughout the life cycle.
Why? An increase in the borrowing rate from 2% to 5% implies a reduction in the
leverage premium from 6% to 3% and a decline in borrowing capacity. The effect on a
very young household is easily understood: since it has no financial wealth, a smaller
leverage premium and lower borrowing capacity mean lower equity demand. Less
obviously, the disparity in equity holdings persists into retirement. Two forces are at
work. First, households with a non-zero replacement rate still have borrowing capacity
in retirement. As shown in Figure 3, households with a positive leverage premium
continue to borrow until the year before death. So even in retirement, the size of
the leverage premium affects equity demand. Second, a higher leverage premium
earlier in life leads, in expectation, to higher wealth accumulation by retirement, as
seen in Figure 4. A household with a 2% borrowing rate has much greater wealth at
retirement than a household with a 5% borrowing rate.

Equity demand behaves differently when the leverage premium is negative. Figure
5 shows that average equity demand rises with borrowing costs when the borrowing
rate exceeds the return on equity.® This result can be understood as follows. When
the leverage premium is negative, no household draws on borrowing capacity to buy
equity, so that equity demand depends on the level of financial wealth and the share

invested in equity. Higher borrowing rates then increase wealth accumulation in

6In constructing average equity demand from simulated model outcomes, we use population

weights for age groups from Bureau of the Census (1994, Table 1).
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two ways. First, they discourage life-cycle consumption smoothing through the loan
market, so that households begin accumulating wealth at younger ages. Second, they
inhibit reliance on borrowing to smooth transitory income shocks, leading to greater
precautionary saving. The first effect involves the shape of the life-cycle expected
income profile, and it operates whether or not income is uncertain. The second effect
arises from transitory income shocks.

Figure 6 compares the life-cycle pattern of of median equity holding in our pre-
ferred model with rg = 8% to alternative models with no borrowing (BL = 0) or
limited borrowing at the risk-free rate (BL = 1). Both alternatives imply higher
equity holdings throughout the life-cycle. The no-borrowing model can be seen as a
special case of our preferred model with r high enough to choke off all borrowing.
Since a borrowing rate equal to the return on equity minimizes the demand for equity,
shutting off all borrowing raises equity holdings. The model with limited borrowing
at the risk-free rate yields even higher equity holdings, because households respond by
adopting a levered equity position and exhausting borrowing capacity throughout the
life cycle. By exploiting the leverage premium households accumulate wealth more
rapidly, and they invest part or all of this wealth in equity.

The model with realistic borrowing costs also implies much higher non-participation
rates in equity markets than the alternative models, as seen in Figure 7. In our pre-
ferred model with the baseline specification, participation rates are around 25% in
the first decade of adulthood, and they rise steadily with age to reach 100% by age
50. It is worth stressing that this life-cycle participation pattern and the high rates
of non-participation do not rest on any friction in the equity market itself. Participa-
tion costs, diversification costs, trading costs and other frictions in the equity market
would further reduce participation rates, a point we return to in Section 5.

With a borrowing rate of 8%, the median household does not participate in equity
markets until age 36 (Figure 6). This outcome reflects the result that households with
negative financial wealth never hold equity when faced with a zero leverage premium.
For rg > E(7g), an increase in the borrowing rate leads to higher participation rates.

When the interest rate is sufficiently high so as to eliminate borrowing, the median
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household always holds equity, as shown in Figure 6. When faced with a positive
leverage premium — as in the model with limited borrowing at the risk-free rate —
households typically hold equity even if net financial wealth is negative.

To sum up, we emphasize three points. First, even a modest wedge between bor-
rowing and lending rates sharply reduces the demand for equity. Second, a borrowing
rate equal to the return on equity minimizes the demand for equity. This result is
particularly notable since the borrowing rates reported in Table 1 lie near estimates of
the expected return on equity. Third, in our preferred model, households often hold
no equity — in contrast to models with lower borrowing rates in which households

always hold equity.

4.2 Effect of undiversifiable labor income risk

How does undiversifiable income risk affect the demand for equity over the life cy-
cle? First, greater income risk makes households with proper preferences effectively
more risk averse, which reduces equity demand at given levels of financial wealth and
borrowing capacity. Second, greater income risk intensifies the precautionary saving
motive, which encourages wealth accumulation for consumption-smoothing purposes.
These two effects work in opposite directions.

Figure 8 shows that the first effect dominates when rg = 7, so that income
uncertainty lowers equity holdings. In contrast, the second effect dominates when
rg = E(Fg). This case differs from the rp = ry case for two reasons. First, when
rg = E(7g), younger households hold no equity in the absence of income uncertainty.
Hence, they cannot offload risk by reducing equity holdings, and the first effect van-
ishes. Second, it is more costly to rely on borrowing for consumption smoothing
at a high interest rate, so the precautionary motive for asset accumulation becomes
stronger. As a result, income uncertainty increases equity demand when rp = E(7g).

To better understand the effects of labor income risk, consider the distinct effects
of permanent and transitory shocks on equity market participation rates in both our
preferred model (rp = 8) and the no-borrowing model (BL = 0). Permanent shocks

raise precautionary saving and thus equity holdings in both models. In line with this
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observation, (unreported) simulation results show that a bigger standard deviation of
permanent shocks leads to higher participation rates in both models.

In contrast, transitory income shocks push outcomes away from zero and 100%
participation. By encouraging precautionary savings, transitory shocks lead to greater
equity holdings and higher participation rates. But a sufficiently bad transitory shock
(or shock sequence) causes a household to draw down its financial assets and exit the
equity market. Thus, transitory shocks create a motive to hold equity when the
household would otherwise hold none, but they also give rise to circumstances in
which some households exhaust their asset holdings and turn to borrowing. Figure 9
illustrates these effects of transitory income shocks. Relative to a specification with
no income risk, transitory shocks raise participation rates at younger ages and lower

them at older ages in both models.

4.3 Effect of risk aversion

Greater risk aversion lowers a household’s appetite for risk, and its demand for equity,
at a given level of financial wealth. But risk aversion also has a powerful effect on
wealth evolution over the life cycle. Higher risk aversion means higher precautionary
savings, which raises wealth. Higher risk aversion also means a lower elasticity of
substitution under our preference specification, which leads to more borrowing and
less wealth accumulation with a rising income profile.

As these remarks suggest, stronger risk aversion can mean higher or lower equity
demand, and the effects vary significantly with age and income risk. When the
borrowing rate equals the risk-free return, higher risk aversion leads to lower equity
holdings throughout the life cycle. This result carries over to the model with realistic
borrowing costs, if labor income is risk free. Otherwise the story is more complicated,
as shown in Figure 10. The household with RRA=0.5 has the highest demand for
equity throughout the life cycle in Figure 10. However, a household with RRA=S8
holds more equity early in life than one with RRA=1 or RRA=4.

What accounts for these patterns? The key factors are the evolution of liquid

assets over the life cycle and the portfolio composition of those assets. A household
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with RRA=0.5 has a high elasticity of substitution, which makes it willing to reduce
consumption early in life. As a result, it consumes less early in life and has more
wealth throughout the life cycle. A household with RRA=8 accumulates assets early
in life because of a strong precautionary motive, which leads to rapid asset accumu-
lation early on. But all along, the household with RRA=S8 finds the risk-free asset
relatively attractive. As it ages, it continues to direct a larger fraction of its portfolio
to the risk-free asset, so that it reaps a substantially lower return on its portfolio than
less risk-averse households.

Figure 11 shows average equity demand as a function of risk aversion in the model
with realistic borrowing costs for different income processes. Absent income risk,
higher risk aversion leads to lower equity demand as in the standard model with
equal borrowing and lending rates. But consider specification (2) in Table 4, which
uses the unadjusted income variances from Gourinchas and Parker (2002) and a low
discount factor. Higher risk aversion leads to higher equity demand for RRA < 7
in this specification. In this example, households are highly impatient and inclined
to borrow, but higher risk aversion intensifies the precautionary demand for wealth
accumulation. As a result, equity demand rises with risk aversion, unless risk aversion
is so strong as to lead to a portfolio dominated by bonds. Figure 11 also shows that
equity demand is a non-monotonic function of the risk aversion parameter for our
baseline income process with adjusted variances. For relative risk aversion below 2
and above 8, equity demand falls with risk aversion, as predicted by simpler models
with rg = 7 or certain labor income. For relative risk aversion between 2 and 8,
equity demand rises with risk aversion. Relative risk aversion near 2 or 3 imply values
for equity demand near the (local) minimum.

The effects of risk aversion on participation are similarly ambiguous. Participa-
tion rates are high for very low levels of risk aversion (RRA < 1) in our baseline
specification and for high levels (RRA > 4), but they are considerably lower for
intermediate levels (1 < RRA < 4). The explanation for the non-monotonic relation-
ship between participation and risk aversion parallels the explanation given above for

the non-monotonicity in the level of equity holdings. Gomes and Michaelides (2002)
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obtain a similar result about the impact of risk aversion on participation in a life-
cycle model with no borrowing, Epstein-Zin preferences, a one-time cost of entry into

equity markets and two risky assets.

4.4 Effect of the expected labor income profile

How does the shape of the expected income profile affect the demand for equity?
The answer hinges on the cost of borrowing. When rg = rp, the shape of the
income profile has little effect on equity demand with uncertain labor income and
no effect with certain labor income. In contrast, when rg > E(7g), the demand for
equity is highly sensitive to the shape of the income profile. The explanation for this
sensitivity is straightforward: households borrow only for consumption-smoothing
purposes when rg > E(7g), so they hold no equity until they attain positive financial
wealth. The age at which this occurs depends on the shape of the income profile.
The shape of the income profile also affects equity demand in the intermediate case
with rp € (rp, E(Fg)), but the effect is stronger when rg > E(7g).

Consider the case with rg = E(7g) and no labor income risk. Recall that the
income replacement rate during retirement is 80% in our baseline specification. Figure
12 compares life-cycle equity demand in the baseline case to three alternatives: a 20%
replacement rate, a 100% replacement rate, and a flat profile with income set to the
simple mean of labor income during the working years. The household with a flat
profile invests in equity throughout life. Early investment, compounded by the high
return on equity, means that the household with a flat profile accumulates large wealth
and equity positions before the baseline household even begins to invest. A lower
replacement rate leads to higher saving, earlier participation in equity markets and
greater equity at each age. The nature of retirement income also affects the optimal
portfolio mix. When pensions take the form of defined contribution plans invested
heavily in equities (as opposed to the defined-benefit plan we consider), households

invest a larger share of financial wealth in bonds.
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4.5 Interaction between borrowing and equity holding

In Section 4.1 we showed that the borrowing regime has a dramatic effect on the de-
mand for equity. This sensitivity results from the fact that households borrow money
to buy equity in some regimes but not others. Models without equity, obviously, fail
to display such sensitivity to borrowing regimes. To illustrate this point, consider
three borrowing regimes: unlimited borrowing at the risk-free rate, limited borrow-
ing at the risk-free rate (BL = 1), and our preferred model with rg = 8. Suppose,
as in standard life-cycle consumption models like Carroll (1997) and Gourinchas and
Parker (2002), that households cannot trade equity. Table 5 shows that with the right
discount factor, each model delivers life-cycle borrowing profiles that are consistent
with the data. Now suppose we allow households to trade equity. In our preferred
model with rg = 8%, household borrowing actually falls but remains reasonable. In
the other two models, the addition of equity to the model leads to an explosion in

borrowing.

4.6 Portfolio shares

Given our baseline specification with low risk aversion, households rarely hold bonds
in any of the models or borrowing regimes we consider. In this respect, our findings
are consistent with previous work in the area by Heaton and Lucas (1997, 2000b),
Viciera (2001), Gomes and Michaelides (2002) and Haliassos and Michaelides (2003).

Bodie, Merton and Samuelson (1992) explain the intuition for low bond shares
when labor income shocks are uncorrelated with equity returns. The standard Merton-
Samuelson model tells us that a household should invest a fixed fraction of total wealth
in risky assets. Total wealth is composed of human wealth and financial wealth. If
human wealth is uncorrelated with the risky asset, then it counts toward the bond
part of total wealth. The more human wealth a household has, the greater its effective
bond position, and the larger the fraction of financial wealth allocated to the risky as-
set. In our baseline specification, the fraction of human wealth in total wealth almost

always exceeds the target fraction of bonds in total wealth. Thus, when possible,
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households reduce their bond position by borrowing (provided that the borrowing
rate is less than the equity return).

In Table 6, Panel A shows that households invest exclusively in equities in the
baseline parameter specification. When households cannot borrow at the risk-free
rate, they invest nothing in bonds and equity holdings equal financial wealth. When
they can borrow at the risk-free rate, they typically do so in order to adopt a levered
equity position, so that equity holdings exceed net financial wealh.

We can generate positive bond holdings in any of the models by increasing the
risk aversion parameter. Lower income replacement rates in retirement also increase
the propensity to hold bonds. Panel B in Table 6 provides an illustration by altering
these two parameters in the baseline specification. First, we set risk aversion to six
(compared with two in the baseline specification), increasing the desired fraction of
total wealth invested in bonds. Second, we lower the replacement rate from 0.8 to
0.2, reducing the value of human wealth. The portfolio share invested in bonds rises

with age to offset the life-cycle decline in human wealth.

5 Comparing the models to the data

In this section, we assess four models in relationship to evidence on debt, equity
holdings and equity participation rates over the life cycle. The four models are the
standard one with unlimited borrowing at the risk-free rate, a model with limited
borrowing at the risk-free rate (BL = 1), a model with no borrowing (BL = 0)
and our preferred model with realistic borrowing costs (rp = 8%). Our preferred
model outperforms the other models in two respects. First, it is the only model that
can simultaneously deliver realistic life-cycle profiles for debt and equity holdings.
Second, the welfare costs of the gap between theoretical predictions and evidence are
smallest for our preferred model. They are also small in an absolute sense, which
means that small modifications to our preferred model have the potential to fit the
data on bond shares and participation, as we discuss. We conclude this section with

a brief discussion of how margin loans would affect our analysis.
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5.1 Realistic borrowing and equity demand

Table 7 shows debt, equity and participation rates over the life-cycle for the four
models. For reference purposes, the first two columns show data from the SCF. Let’s
discuss each model in turn.

The model with unlimited borrowing at the risk-free rate (rg = 2%) produces
equity holdings and borrowing that are an order of magnitude greater than in the
data. As we showed in Section 4.1, households exploit the leverage premium by
borrowing to buy equity. This model cannot be made to fit the data by assuming
greater patience or lower income risk, because households will continue to lever up
in the equity market. Nor can reasonable levels of risk aversion fit the data. Even
with relative risk aversion of 5, for example, the model predicts borrowing 20 times
greater than in the data and equity holding 10 times greater.

The limited-borrowing model (rg = 2%, BL = 1) produces outcomes closer to
the data, but it also fails in key respects. First, it implies much more borrowing
than seen in the data. As before, greater patience does not help, because patient
households still exploit the equity premium. In fact, their willingness to postpone
consumption frees up borrowing capacity for investment purposes and leads to even
higher and more implausible equity holdings. Higher risk aversion coupled with a low
replacement rate can bring predicted borrowing closer to the data, but increased risk
aversion inflates equity holding for the reasons described in Section 4.3. Second, the
limited-borrowing model cannot replicate the life-cycle profile of the debt-income ratio
unless we vary the exogenous borrowing limit in line with the age profile in the data.
The model would still fail to match the evidence in Section 1.2 that unused credit
rises with age. Third, the limited-borrowing model predicts a 100% participation rate
in equity markets at all ages, with equity holdings financed in part by debt. In the
data, however, a large fraction of households hold no equity, and few households hold
both equity and unsecured debt.

The model with no borrowing produces more realistic equity holdings than either

of the two models that allow borrowing at the risk-free rate. However, by construction,
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this model cannot generate realistic levels of borrowing. Moreover, as we saw in
Figures 7 and 9, the no-borrowing model predicts very high participation rates.

The model with realistic borrowing costs (r5 = 8%) delivers higher non-participation
rates and sensible life-cycle profiles for debt and equity holdings. A key to the model’s
success involves the interaction between equity demand and borrowing. Figure 5
shows that borrowing can either raise or lower the demand for equity depending on
the cost of borrowing. If the borrowing rate implies a positive leverage premium,
then borrowing and equity demand are positively related. If the leverage premium is
zero or negative, then borrowing and equity demand are negatively related. In this
realistic case, the ability to borrow depresses equity demand and participation, as
seen in Figures 6, 7 and 9.

The predictions of our preferred model and the no-borrowing model differ signifi-
cantly early in the life cycle. One can see this in two ways. First, our preferred model
predicts that, as in the data, a majority of households under the age of forty hold
no equity. By contrast, the no-borrowing model predicts that almost 90% of house-
holds under forty hold equity. Second, our preferred model predicts very low equity
holdings for households under the age of forty, in line with the data, and less than
half what the no-borrowing model predicts. Although lifetime equity holdings in our
preferred model are only about 20 percent lower than the in the no-borrowing model,
we think that its better performance with respect to participation and borrowing

provide strong evidence in its favor.

5.2 Welfare analysis of model failures

Section 4.6 shows that our preferred model, like the alternatives, fails to match ev-
idence on bond portfolio shares. The model also predicts higher equity market par-
ticipation rates than in the data. How serious are these failures? One useful way
to address this question is to quantify the certainty-equivalent consumption cost of
deviations between the data and the optimal behavior implied by the model.

To obtain certainty-equivalent consumption, we first calculate lifetime expected

utility, U, for a given consumption profile. We then find the constant level of con-
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sumption, ¢, that yields the same level of lifetime expected utility. That is, we solve

T

t ¢\ — I—x y—1
Zﬁl—’y:U for c:[—ZT ﬁtU} : (3)
t=0 t=0

where 3 is the time discount factor, and + is relative risk aversion.

To measure the costs of suboptimal behavior, we consider three experiments:
households do not hold equity, households hold no equity before age 50, and house-
holds allocate 50 cents out of every dollar of investment to bonds. We reach two sets
of conclusions. First, in our preferred model, the costs of these deviations from opti-
mal behavior are quite small, ranging from .1 to .8 percent of lifetime consumption.
Second, the costs are higher for the other models and, in the case of the model with
unlimited borrowing at the risk-free rate, dramatically so.

Table 8 shows the results. Panel A considers the baseline specification, and Panel
B considers a lower equity return of 6%. Two observations motivate a lower equity
return. First, many believe that an ex-ante equity return of 8% is simply too high.
Second, the cost of achieving a diversified equity portfolio lowers the net return,
and for most investors mutual funds offer the only feasible means to obtain a broadly
diversified portfolio. According to McGrattan and Prescott (2003), mutual fund costs
range from 1.3 to 2.5% of assets per year in the period from 1980 to 2001.

For the baseline specification, our preferred model implies that the cost of never
holding equity is .8% of lifetime consumption. The cost of a 50-50 bond-equity mix
amounts to .6% of consumption. And if the household merely delays equity participa-
tion until age 50, the cost amounts to .3% of consumption. The costs are lower yet at
a 6% equity return, as seen in Panel B. For example, at a 6% return on equity, waiting
till age 50 to participate in equity markets lowers certainty-equivalent consumption
by .1%, which amounts to $20 per year in 1987 dollars.

The costs are bigger for the other models. Even the no-borrowing model im-
plies that a no-equity restriction reduces certainty-equivalent consumption by 1.39%,
nearly three-quarters bigger than in the preferred model. For the limited-borrowing
model, the cost of the no-equity restriction is nearly four percent of consumption.

Finally, the model with unlimited borrowing at the risk-free rate implies enormous
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welfare costs for suboptimal behavior: a household that refuses to hold equity accepts
a 20 percent reduction in lifetime consumption according to this model. It is hard
to imagine participation or transactions costs that would overcome a 20 percent or
even a 4 percent loss of consumption. Delayed equity holdings till age 50 is also very
costly according to this model.

It is useful to assess these results in light of Vissing-Jorgenson’s (2002) study
of stock market participation costs. She provides an informative discussion of these
costs, and she estimates their effects on equity market participation rates and portfolio
shares.” Based on an after-tax equity premium of 5.6 percent, her estimates imply
that a participation cost of $30 per year (in 1984 dollars) is sufficient to account
for half of all nonparticipating households, and an annual cost of $175 is sufficient to
account for 75%. Likewise, Mulligan and Sala-i-Martin (2000) appeal to participation
costs to explain why roughly half of all households hold no financial assets other than
money. Modest participation costs explain high rates of non-participation, because
a large fraction of households have little financial wealth (and cannot borrow at the
risk-free rate). While Vissing-Jorgenson and Mulligan and Sala-i-Martin take this
fact about financial asset holding as given, our analysis explains low financial wealth
as a natural consequence of life-cycle factors and realistic borrowing costs.

Our model abstracts from many real-world features that generate demand for
bonds such as participation, diversification and rebalancing costs, a desire for liquidity,
information costs, and so on. Since the gains to holding equity are modest in our
preferred model, and very small for a large fraction of households, there is ample
scope for these features to reduce equity market participation rates and increase

bond portfolio shares.® Haliassos and Michaelides (2003) make an identical point in

7As Vissing-Jorgenson points out, tax compliance by itself implies a nontrivial cost of equity
market participation: “According to IRS numbers for 1999, households who have to fill out schedule
D and D1 (the schedules for capital gains and losses) on average spend 6 hours and 43 minutes.” At

ten dollars per hour, this time cost translates into about $67 per year.
8Certain frictions (e.g., a fixed cost of equity holding) lower equity market participation but do

not raise bond shares conditional on participation. Other frictions (e.g., proportional trading costs

in equity markets) also raise bond shares conditional on participation. See Aiyagari and Gertler
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the context of an infinite-horizon model with no borrowing. Our analysis shows that
this point carries even greater force in a life-cycle model with realistic borrowing costs

than in a model with no borrowing.

5.3 Margin loans

Some commentators have suggested that our results on equity demand and equity
market participation would not survive the introduction of margin loans. However, a
few observations make clear why the introduction of margin loans would not greatly
affect our results. First, initial margin requirements on equity are 50% or higher.
Thus, for a household with one thousand dollars in financial wealth, a margin loan
allows for an equity position of no more than two thousand dollars. Second, the data
show a large wedge between margin loan rates and risk-free returns. Kubler and
Willen (2002) report that as of July 8, 2002, the rates on margin loans of less than
$50,000 at five major brokerage houses (The Vanguard Group, Fidelity Investments,
Charles Schwab, Salomon Smith Barney and UBS Paine Webber) exceed the rate
on 90-day U.S. Treasury Bills by 357 to 570 basis points, depending on brokerage
house and loan size. Even at these rates, brokerage houses require credit checks and
reserve the right to deny margin credit or impose higher margin rates. Finally, the
combination of unsecured borrowing and margin loans does not offer an attractive
leverage premium. For example, at an 8% expected return on equity, a risk-free rate
of 1.68% (the return on 90-day U.S Treasury Bills as of July 8, 2002) and a 4.63%
margin loan premium, the expected return on a margin-levered equity portfolio is
(1/.5)8 — (1.68 + 4.63) = 9.69%. Combined with a wedge of 7.5 percentage points on
unsecured borrowing, roughly the midpoint of the Table 1 values, the fully levered
portfolio offers a leverage premium of 9.69 — (1.68 + 7.5) = .51%. That is, the fully
levered portfolio offers an expected return premium of 51 basis points with a standard
deviation of 2 x 15= 30%. At a 6% expected return on equity, the margin-levered

equity portfolio yields a negative return.

(1991) for an early analysis of trading frictions in equity markets.
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6 Concluding Remarks

We showed that a model with a wedge between borrowing costs and the risk-free
investment return can simultaneously deliver sensible life-cycle profiles for debt and
equity holdings and high rates of non-participation in equity markets. Realistic bor-
rowing costs dramatically reduce equity holdings, and equity demand is at its min-
imum when the borrowing rate equals the expected return on equity. The model
with realistic borrowing costs does a better job of fitting observed life-cycle patterns
in borrowing, equity market participation and equity accumulation than alternative
models with no borrowing or limited borrowing at the risk-free rate.

The opportunity to borrow at realistic rates in a life-cycle setting has important
consequences for wealth accumulation. Because households face an upward sloping
income profile, they borrow in the early part of the life cycle, which delays the age at
which they participate in equity markets or accumulate significant holdings. This im-
plication of our model explains the low equity holdings of most households in the face
of an apparently high equity premium. Heaton and Lucas (2000b), Attanasio, Banks
and Tanner (2002) and others have emphasized this aspect of household behavior as
an important puzzle.

Our analysis points to several directions for future research. We mention two
here. First, our model implies that most households accumulate little or no financial
wealth until middle age, consistent with much empirical evidence (e.g., Kennickell
et al., 2000, and Lusardi et al., 2001). Given its simplicity and its assumption of
time-consistent, rational consumers, our model and analysis challenge claims that
households save too little, or that they should be prompted to save more. A natural
next step is to enrich the model to account for housing consumption and real estate
wealth and for the liquidity benefits of safe assets. We plan to evaluate this richer
version of the model against a number of facts about consumption, home ownership,
wealth accumulation and portfolio behavior over the life cycle.

Second, our analysis highlights the role of borrowing costs and leverage as key

factors in the demand for risky assets. While margin loans provide limited scope for
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levered equity holdings, as we have shown, corporate bonds, government securities,
real estate and small business wealth are often subject to much less stringent restric-
tions on leverage. Kubler and Willen (2002) consider a richer version of our model to
address portfolio choice in a broader setting that encompasses a fuller menu of risky
assets and leveraging methods. Leverage characteristics turn out to have important
implications for portfolio shares, but the cost and availability of unsecured borrowing

continue to play a central role in the demand for risky assets.
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Appendix: Computational details

We solve the model by backward induction. At age 80, the solution is trivial: consume
everything. We then solve for optimal consumption and portfolio choice at age 79
conditional on financial wealth, income, the state of the world and the (degenerate)
policy rule at age 80. Next, we solve for consumption and portfolio choice at age
78 — again conditional on financial wealth, income, the state of the world and the
calculated optimal policy rule at age 79. And so on.

The problem therefore reduces to solving two-period optimization problems and to
approximating policy rules as functions of a minimal set of state variables (including
current age). This appendix focuses on two aspects of the solution procedure: how to
reduce the endogenous state space to one variable, and how to solve the two-period
problem effectively. First, we use preference homotheticity to simplify the problem
and reduce the number of continuous state variables to one. Second, we discuss how
we solve the two-period optimization problem.

A little notation will help. Let z; be a Markov chain with finite support z €
{1,...,S} and transition 7. Gross equity returns are Rpg(z;), and the gross borrowing
and lending rates are Rg and R, respectively. A date-event 2% is a history of shocks
(21, ..., 2¢). Let y(z') denote income at time ¢.

Preference homotheticity allows us to simplify the problem by combining wealth
and income into one variable (Deaton, 1991). Suppose we have solved for optimal
policy rules from time ¢ + 1 on. Suppose at date ¢, we are in state z with income y;
and wealth =;. The optimal policy rule for the next period specifies investment of
Fi (B (2), g1 (2'); 2') inasset ¢ = B, L, E at time t+1. Bellman’s principle implies
that the solution to the two-period problem below constitutes optimal portfolio choice

at t in state z with income y and financial wealth =.

1—’y 1—7
max

FL, FB FE 1 — + pE ( t+17) @
s.t. ct:y—ir:—FLJrFB—FE;
e (2) = y(2) + E(2') = FHERE), y(2); 2)+
FP(E(),y(2);2') = FE(E(),y(2); ), V2 e{l,...S}
Z(¢) = F'R, — FPRp+ FFRp(Y), V2 €{l,.. S}
Ft'>0, FB>0, FF>o;

where we suppress time subscripts on variables other than consumption to reduce
notational clutter.

Now divide through by y;, define z; = ¢;/y;, and consider the two-period opti-
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mization problem:

1—y

It
xr
E t+1 5
fL,HJl”%?ifE 1—7+6 t(l—v) )

st oz =E&— fr4 P =15
Typ1 = y”;fz ) [€(2) — fRE(Z): ) + fP () ) — FRE(R) ) s
5(2/) — yt-l—l(zl) + fLRL B fBRB + fERE(Z/) .
yt+1(Z/> ’
ff>0, ff>0, fF>o0.

Observe that the policy rules are now functions of a single endogenous state variable,
&, the ratio of financial wealth plus current income to current income. This reduction
in the dimensionality of the state space greatly simplifies computation.

We can recover the solution to the original problem (4) by multiplying the solution

to the transformed problem (5) by current income:

Ct = YTt (6)
FL:?/th7 FB:?thB, FE:yth

To solve the transformed two-period problem, we solve the associated Kuhn-
Tucker conditions — a nonlinear system of equations and inequalities that is necessary
and sufficient for optimality. Following Garcia and Zangwill (1981, pages 65-68),
we use a change of variables to eliminate inequalities in the Kuhn-Tucker conditions
and state the optimality conditions as a system consisting solely of equations. The
resulting system has 3 unknowns corresponding to the three asset holdings.

In particular, let n; € R for j = 1,2, 3, and define the Kuhn-Tucker multiplier for
asset j, pn; = (max{0, —n;})®. The consumer’s holding of asset j is 6; = (max{0,7;,})>.
Note that 6 and p are twice continuously differentiable, and that the complementary

slackness conditions hold:
(max{ov Wj})g Z 07 (maX{O, —Wj})g Z 07 and (maX{07 77j})3 : (max{O, 77]'})3 = 0.

We implement our solution algorithm using Fortran 90. A simple Newton method
usually works well as a nonlinear equation solver when a good starting point is known.
In some cases we need to use homotopy methods (as implemented in HOMPACK, see
Watson et al (1987)) to solve the system.

Lastly, we draw attention to two practical aspects of our computational solution.
First, the range of ftj (&;2) will generally depend on ¢ and z. In practice, we set

arbitrary bounds on the range that vary only with t. We then verify that these
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bounds never bind in the simulations. Second, in generating ftj (&; 2), we don’t solve
(5) for every possible value of £. Instead, we solve (5) for a finite number of values of £
and use cubic spline interpolation to fill in the rest. See Judd et al. (2002) for details
on spline interpolation. Since the true policy functions have non-differentiabilities,
we use 50 knots for each spline interpolation to obtain sufficient accuracy.

Maximal relative errors in Euler equations lie below 107%. Running times on a
Pentium IIT computer with a 1.2 Ghz processor and 1 GB of RAM clustered around
four or five minutes but range from 2 minutes for models with no labor income risk
and borrowing rates above the expected return on equity to about 15 minutes for

models with labor income risk and borrowing rates below the return on equity.
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Table 2: Unsecured Debt, Unused Credit and Equity by Age of Household Head,
As Percent of Annual Income

Unsecured debt Unused credit Equity holdings
Age . . .
a Median 90th % Mean | Median 90th % Mean | Median 90th % Mean
roup
23 -29 19 102 28 12 31 13 0 38 6
30 - 39 12 66 18 15 32 13 0 77 18
40 - 49 9 53 15 18 41 17 3 150 45
50 - 59 5 52 13 21 51 23 7 260 91
60 - 69 0 42 9 25 112 37 0 414 178
70 -79 0 25 4 27 135 48 0 716 299
Notes:

1. Income is pre-tax household income from wages and salaries plus pre-tax retire-
ment income. Retirement income includes annuities and benefits from social security,
defined-benefit pensions and disability programs. It does not include non-annuity
income from assets in defined-contribution retirement plans.

2. Unsecured debt is the sum of credit card balances, installment loans and other
debt not secured by real estate, vehicles, etc. Credit card balances are measured
after the most recent payment.

3. Unused credit equals the difference between the household’s credit limit on its
existing credit cards and its actual credit card balance.

4. Equity is sum of directly held stock and stock held through mutual funds,

including investments held in defined-contribution retirement plans.

Source: Authors’ calculations from the 1995 and 1998 Survey of Consumer Finances.
After deleting households that report neither labor nor retirement income, the sample
contains 7,830 observations. We compute all statistics using SCF sampling weights to
correct for the over sampling of households with high net worth. We compute means

using trimmed samples that exclude the top 5 percent of the ratio values.
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Table 3: Parameter Settings

Parameter Baseline Alternative values
Relative risk aversion 2 0.5t09
Annual discount factor 933 914 to .982
Age of labor force entry 21

Age of retirement 65

Age of death 80

std (A7) (permanent shock) — 12% 0, 15%

cov (An, 7g) 0

std (¢) (transitory shock) 15% 0, 21%

cov (€,7g) 0

Replacement rate 80% 20, 100%

n (for retirement basis) 30

ry, (risk-free return) 2%

rp (borrowing rate) 8% 2,5, 6-20%
E(rg) (equity return) 8% 6%

std (7g) 15%

Borrowing limit None 0, 1 times annual income
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Table 6: Equity holdings over the life cycle, percent of gross and net financial wealth

Data Model

Age rg = 8% No borrowing rg = 2%
Group BL=1 No BL
GFW NFW | GFW NFW | GFW NFW | GFW NFW | GFW NFW

A. Baseline — RRA=2, RR=80%
23 - 39 35 75 100 -58 100 100 100  -1262 | 100 636
40 - 59 45 50 100 101 100 100 100 166 100 232
60-79| 31 31 100 100 100 100 100 128 100 168

23-79 1 28 29 100 107 100 100 100 166 100 227

B. Alternative — RRA=6, RR=20%
23 - 39 35 75 100 100 100 100 100 164 100 241
40 - 59 45 50 87 87 87 87 82 88 81 89
60 - 79 31 31 o0 50 50 50 45 45 48 48

23-79| 28 29 99 29 29 99 60 63 63 69

Notes:

1. Gross financial wealth (GFW) is equity plus bonds. Net financial wealth (NFW) is
equity plus bonds minus debt. Entries report total equity of households in the group
divided by total wealth of the same households. A negative entry under NF'W means
that net financial wealth is negative, and an entry that exceeds 100% means that the
average household has a levered equity position.

2. Parameters are set to the baseline values reported in Table 3 unless otherwise
noted.

3. Averages over 23-79 computed using 1990 Census populations weights as described
in Table 4.
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Table 8: Welfare costs of restrictions on equity holdings, alternative borrowing

regimes
rg = 8 | No bor- rg = 2

rowing | BL =1 | No BL

A. Baseline
CE consumption in '000s of § | 19.13 | 19.08 | 20.08 | 25.26

No equity
CE consumption in '000s of $ | 18.97 18.82 19.32 20.08
Ain $ -154 -265 -755 -5181
A in % -0.80 -1.39 -3.76 | -20.51

No equity until age 50
CE consumption in '000s of $ | 19.07 18.92 19.50 20.68

Ain $ -60 -158 -574 -4577

Ain % -0.31 -0.83 -2.86 -18.12
50/50 bond equity mix

CE consumption in '000s of $ | 19.01 18.91 19.64 *

Ain $ -114 -172 -436 *

Ain % -0.60 -0.90 -2.17 *

B. E(fg) = 6%, 3 = 0.937
CE consumption in '000s of § | 19.08 | 19.01 | 19.75 | 22.19
No equity until age 50

CE consumption in '000s of $ | 19.06 18.93 19.44 18.60

Ain $ -20 -80 -315 -3589

A in % -0.10 -0.42 -1.60 -16.18
50/50 bond equity mix

CE consumption in ’000s of $ | 19.02 18.93 19.52 *

Ain $ -57 -85 -228 *

A in % -0.30 -0.45 -1.15 *

Notes:

1. See text for the calculation of certainty-equivalent (CE) consumption. Consump-
tion is measured in 1987 dollars.

2. Baseline parameter settings except as noted.

3. In the model with rg = 2 and no borrowing limit, the household can circumvent
a minimum bond requirement by taking on more debt. If, instead, we require a
long position in bonds equal to equity holdings, then the welfare cost of imposing a

50/50 bond-equity mix is very large in the model with rp = 2 and no borrowing limit.
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Figure 1: Expected labor income profile.
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Figure 2: Mean life-cycle equity holdings at various borrowing rates. Baseline pa-

rameter settings.
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Figure 3: Life-cycle borrowing at various borrowing rates and borrowing limits.

Baseline parameter settings.
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Figure 4: Life-cycle financial wealth at various borrowing rates. Baseline parameter

settings.
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Figure 5: Average equity demand and borrowing as a function of the borrowing

rate. Baseline parameter settings.
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Figure 6: Median equity holdings over the life cycle under alternative borrowing

regimes. Baseline parameter settings.
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Figure 7: Equity participation rates over the life cycle under alternative borrowing

regimes.
| rg = 2, either No BL or BL =1
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Figure 8: Life-cycle equity holdings with and without labor income risks. Baseline

setting except 4 = 0.95.
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Figure 9: Participation with and without transitory income risk. Baseline setting

with no permanent shocks and § = 0.972.
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Figure 11: Average equity demand as a function of relative risk aversion. Baseline

parameter settings except where noted.
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Figure 12: Life-cycle equity holdings for alternative income profiles. 3 = 0.972 and

no labor income risk as in Specification 3 of Table 4.
350

RR=0.2 —

w

]

o
T

[\

at

]
T

Flat income profile —

—_

[N

=)
T

—_

=}

)
T

Holdings (thousands of 1987 §)
[\
(e
o

20 30 40 50 60 70 80
Age

46



